Fixed and periodic point results in cone metric spaces  by Abbas, Mujahid & Rhoades, B.E.
Applied Mathematics Letters 22 (2009) 511–515
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Fixed and periodic point results in cone metric spaces
Mujahid Abbas 1, B.E. Rhoades ∗
Department of Mathematics, Indiana University, Bloomington, IN 47405-7106, United States
a r t i c l e i n f o
Article history:
Received 16 April 2007
Received in revised form 3 July 2008
Accepted 28 July 2008
Keywords:
Fixed point
Periodic point
Cone metric space
a b s t r a c t
Huang and Zhang [L.-G. Haung, X. Zhang, Cone metric spaces and fixed point theorems
of contractive mappings, J. Math. Anal. Appl. 332 (2007) 1468–1476] proved some fixed
point theorems in cone metric spaces. In this work we prove some fixed point theorems
in cone metric spaces, including results which generalize those from Haung and Zhang’s
work. Given the fact that, in a cone, one has only a partial ordering, it is doubtful that their
Theorem 2.1 can be further generalized. We also show that these maps have no nontrivial
periodic points.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Consistent with Huang and Zhang [4], the following definitions and results will be needed in the sequel.
Let E be a real Banach space. A subset P of E is called a cone if and only if:
(a) P is closed, nonempty and P 6= {0};
(b) a, b ∈ R, a, b ≥ 0, x, y ∈ P imply that ax+ by ∈ P;
(c) P ∩ (−P) = {0}.
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y if and only if y − x ∈ P . A cone P is called
normal if there is a number K > 0 such that for all x, y ∈ E,
0 ≤ x ≤ y implies ‖x‖ ≤ K ‖y‖ . (1.1)
The least positive number satisfying the above inequality is called the normal constant of P , while x  y stands for
y− x ∈ int P (interior of P). We shall write x < y to indicate that x y but x 6= y.
Definition 1.1. Let X be a nonempty set. Suppose that the mapping d : X × X → E satisfies:
(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a conemetric on X and (X, d) is called a conemetric space. The concept of a conemetric space is more general
than that of a metric space.
Definition 1.2. Let (X, d) be a cone metric space, {xn} a sequence in X and x ∈ X . For every c ∈ E with 0  c, we say that
{xn} is:
(e) a Cauchy sequence if there is an N such that, for all n,m > N, d(xn, xm) c;
(f) a convergent sequence if there is an N such that, for all n > N, d(xn, x) c for some x in X .
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A conemetric space X is said to be complete if every Cauchy sequence in X is convergent in X . It is known that {xn} converges
to x ∈ X if and only if d(xn, x) → 0 as n → ∞. The limit of a convergent sequence is unique provided P is a normal cone
with normal constant K (see [2,4]).
2. Fixed point theorems
The first author and Jungck [1] established the existence of coincidence points and common fixed points for mappings
satisfying certain contractive conditions in cone metric spaces. In this section we obtain several fixed point theorems for
mappings without appealing to commutativity conditions, defined on a cone metric space.
Theorem 2.1. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that the
mappings f and g are two self-maps of X satisfying
d(fx, gy) ≤ αd(x, y)+ β[d(x, fx)+ d(y, gy)] + γ [d(x, gy)+ d(y, fx)] (2.1)
for all x, y ∈ X, where α, β, γ ≥ 0 and α + 2β + 2γ < 1. Then f and g have a unique common fixed point in X .Moreover, any
fixed point of f is a fixed point of g, and conversely.
Proof. Suppose x0 is an arbitrary point of X, and define {xn} by x2n+1 = fx2n, x2n+2 = gx2n+1, n = 0, 1, 2, . . .. Now,
d(x2n+1, x2n+2) = d(fx2n, gx2n+1)
≤ αd(x2n, x2n+1)+ β[d(x2n, fx2n)+ d(x2n+1, gx2n+1)] + γ [d(x2n, gx2n+1)+ d(x2n+1, fx2n)]
= (α + β + γ )d(x2n, x2n+1)+ (β + γ )d(x2n+1, x2n+2),
which implies that
d(x2n+1, x2n+2) ≤ δd(x2n, x2n+1)
where δ = α+β+γ1−(β+γ ) < 1. Similarly it can be shown that
d(x2n+3, x2n+2) ≤ δd(x2n+2, x2n+1).
Therefore, for all n,
d(xn+1, xn+2) ≤ δd(xn, xn+1)
≤ · · · ≤ δn+1d(x0, x1).
Now, for anym > n,
d(xm, xn) ≤ d(xn, xn+1)+ d(xn+1, xn+2)+ · · · + d(xm−1, xm)
≤ [δn + δn+1 + · · · + δm−1]d(x1, x0)
≤ δ
n
1− δ d(x1, x0).
From (1.1),
‖d(xn, xm)‖ ≤ δ
n
1− δ K ‖d(x1, x0)‖ ,
which implies that d(xn, xm) −→ 0 as n,m −→ ∞. Hence {xn} is a Cauchy sequence. Since X is complete, there exists a p
in X such that xn → p as n→∞. Now using (2.1),
d(p, gp) ≤ d(p, x2n+1)+ d(x2n+1, gp)
= d(p, x2n+1)+ d(fx2n, gp)
≤ d(p, x2n+1)+ αd(x2n, p)+ β[d(x2n, x2n+1)+ d(p, gp)] + γ [d(x2n, gp)+ d(p, x2n+1)]
≤ d(p, x2n+1)+ αd(x2n, p)+ β[d(x2n, x2n+1)+ d(p, gp)] + γ [d(x2n, p)+ d(p, gp)+ d(p, x2n+1)],
which further implies that
d(p, gp) ≤ 1
1− β − γ [d(p, x2n+1)+ αd(x2n, p)+ βd(x2n, x2n+1)+ γ (d(x2n, p)+ d(p, x2n+1))],
which from (1.1) implies that
‖d(p, gp)‖ ≤ K 1
1− β − γ {‖d(xn+1, p)‖ + α ‖d(xn+1, p)‖ + β ‖d(xn+1, xn)‖ + γ ‖d(xn, p)‖ + γ ‖d(xn+1, p)‖}.
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Now the right hand side of the above inequality approaches zero as n −→∞. Hence ‖d(p, gp)‖ = 0, and p = gp. Now,
d(fp, p) = d(fp, gp)
≤ αd(p, p)+ β[d(p, fp)+ d(p, gp)] + γ [d(p, gp)+ d(p, fp)]
= (β + γ )d(p, fp),
which, using the definition of partial ordering on E and properties of cone P, gives d(fp, p) = 0, and fp = p. To prove
uniqueness, suppose that if q is another common fixed point of f and g , then
d(p, q) = d(fp, gq)
≤ αd(p, q)+ β[d(p, fp)+ d(q, gq)] + γ [d(p, gq)+ d(q, fp)]
d(p, q) ≤ (α + 2γ )d(p, q),
which gives d(q, p) = 0, and q = p. 
Corollary 2.2. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that a self-map
f of X satisfies
d(f px, f qy) ≤ αd(x, y)+ β[d(x, f px)+ d(y, f qy)] + γ [d(x, f qy)+ d(y, f px)] (2.2)
for all x, y ∈ X, where α, β, γ ≥ 0, α + 2β + 2γ < 1, and p and q are fixed positive integers. Then f has a unique fixed point
in X .
Proof. Inequality (2.2) is obtained from (2.1) by setting f ≡ f p and g ≡ f q. The result then follows from Theorem 2.1. 
Corollary 2.3. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that mapping
f : X −→ X satisfies
d(fx, fy) ≤ αd(x, y)+ β[d(x, fx)+ d(y, fy)] + γ [d(x, fy)+ d(y, fx)] (2.3)
for all x, y ∈ X, where α, β, γ ≥ 0 and α + 2β + 2γ < 1. Then f has a unique fixed point in X.
Proof. Set p = q = 1 in Corollary 2.2. 
Corollary 2.4. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that mapping
f : X −→ X satisfies
d(fx, fy) ≤ a1d(x, y)+ a2d(x, fx)+ a3d(y, fy)+ a4d(x, fy)+ a5d(y, fx) (2.4)
for all x, y ∈ X, where ai ≥ 0 for each i ∈ {1, 2, . . . , 5} and∑5i=1 ai < 1. Then f has a unique fixed point in X.
Proof. In (2.4) interchanging the roles of x and y, and adding the new inequality to (2.4), yields (2.3) with α = a1, β =
a2+a3
2 , γ = a4+a52 . 
Corollary 2.5. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose mapping
f : X −→ X satisfies
d(fx, fy) ≤ αd(x, y) (2.5)
for all x, y ∈ X, where 0 ≤ α < 1. Then f has a unique fixed point in X.
Corollary 2.6. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose mapping
f : X −→ X satisfies
d(fx, fy) ≤ β[d(x, fx)+ d(y, fy)] (2.6)
for all x, y ∈ X, where β ∈ [0, 12 ). Then f has a unique fixed point in X.
Corollary 2.7. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose mapping
f : X −→ X satisfies
d(fx, fy) ≤ γ [d(x, fy)+ d(y, fx)], (2.7)
for all x, y ∈ X, where γ ∈ [0, 12 ). Then f has a unique fixed point in X.
The above corollary is Theorem 4 of [4], which itself is a generalization of a result of [6].
Corollary 2.8. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose mapping
f : X −→ X satisfies
d(fx, fy) ≤ αd(x, y)+ β[d(x, fx)+ d(y, fy)] (2.8)
for all x, y ∈ X, where α, β ≥ 0 and α + 2β < 1. Then f has a unique fixed point in X.
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3. Periodic point theorems
It is an obvious fact that, if f is a map which has a fixed point p, then p is also a fixed point of f n for every natural number
n. However the converse is false. For example, consider, X = [0, 1], and f defined by fx = 1− x. Then f has a unique fixed
point at 12 , but every even iterate of f is the identity map, which has every point of [0, 1] as a fixed point. On the other hand,
if X = [0, pi], fx = cos x, then every iterate of f has the same fixed point as f [3,5,7]. If a map satisfies F(f ) = F(f n) for each
n ∈ N , where F(f ) denotes a set of all fixed points of f , then it is said to have property P [5]. We shall say that f and g have
property Q if F(f ) ∩ F(g) = F(f n) ∩ F(gn).
Theorem 3.1. Let f be a self-map of a cone metric space (X, d), and P a normal cone with normal constant K , satisfying
d(fx, f 2x) ≤ λd(x, fx),
for all x ∈ X, where 0 ≤ λ < 1 or (ii) with strict inequality, λ = 1 and for all x ∈ X, x 6= fx. If F(f ) 6= φ, then f has property P.
Proof. We shall always assume that n > 1, since the statement for n = 1 is trivial. Let u ∈ F(f n). Suppose that f satisfies
(i). Then
d(u, fu) = d(f (f n−1u), f 2(f n−1u)) ≤ λd(f n−1u, f nu)
≤ λ2d(f n−2u, f n−1u) ≤ · · · ≤ λnd(u, fu).
From (1.1),
‖d(u, fu)‖ ≤ λnK ‖d(u, fu)‖ .
Now the right hand side of the above inequality approaches zero as n −→ ∞. Hence ‖d(u, fu)‖ = 0, and u = fu. Suppose
that f satisfies (ii). If fu = u, then there is nothing to prove. Suppose, if possible, that fu 6= u. Then a repetition of the
argument for case (i) leads to
d(u, fu) < d(u, fu)
a contradiction. Therefore, in all cases, u = fu and F(f n) = F(f ). 
Theorem 3.2. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that mappings
f , g : X −→ X satisfy (2.1). Then f and g have property Q .
Proof. From Theorem 2.1, f and g have a common fixed point in X . Let u ∈ F(f n) ∩ F(gn). Now,
d(u, gu) = d(f (f n−1u), g(gnu))
≤ αd(f n−1u, f nu)+ β[d(f n−1u, f nu)+ d(f nu, gn+1u)] + γ [d(f n−1u, gn+1u)+ d(gnu, f nu)]
≤ αd(f n−1u, u)+ β[d(f n−1u, u)+ d(u, gu)] + γ [d(f n−1u, u)+ d(u, gu)],
which further implies that
d(u, gu) ≤ δd(f n−1u, u)
where δ = α+β+γ1−β−γ < 1, and we have
d(u, gu) = d(f nu, gn+1u) ≤ δd(f n−1u, u)
≤ · · · ≤ δnd(u, fu).
From (1.1),
‖d(u, gu)‖ ≤ δnK ‖d(u, fu)‖ .
Now the right hand side of the above inequality approaches zero as n −→ ∞. Hence ‖d(u, gu)‖ = 0, and u = gu, which,
from Theorem 2.1, implies that u = fu. 
Theorem 3.3. Let (X, d) be a complete conemetric space, and P a normal conewith normal constant K . Suppose that themapping
f : X −→ X satisfies (2.3). Then f has property P.
Proof. From Corollary 2.3, f has a unique fixed point. Let u ∈ F(f n). Now,
d(u, fu) = d(f (f n−1u), f (f nu))
≤ αd(f n−1u, f nu)+ β[d(f n−1u, f nu)+ d(f nu, f n+1u)] + γ [d(f n−1u, f n+1u)+ d(f n−1u, f nu)]
≤ αd(f n−1u, u)+ β[d(f n−1u, u)+ d(u, fu)] + γ [d(f n−1u, u)+ d(u, fu)],
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which further implies that
d(u, fu) ≤ δd(f n−1u, u),
where δ = α+β+γ1−β−γ < 1, and we have
d(u, fu) = d(f nu, f n+1u) ≤ δd(f n−1u, f nu)
≤ · · · ≤ δnd(u, fu).
From (1.1),
‖d(u, fu)‖ ≤ δnK ‖d(u, fu)‖ .
Now the right hand side of the above inequality approaches zero as n −→∞. Hence ‖d(u, fu)‖ = 0, and u = fu. 
Remark 3.4. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that the
mapping f : X −→ X satisfies any one of the inequalities from (2.5) to (2.8). Then f has property P .
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